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On the system of non-linear differential equations
Y = YVier — Y1)
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Department of Physics, Faculty of Science, Saitama University, Urawa, Saitama 338, Japan
Received 31 March 1987, in final form 4 August 1987

Abstract. Itis shown that the system of non-linear differential equations y; = v (v, 4y — ¥i-1)
(k=1,2,...; ¥9=0) can be reduced to the system of linear differential equations §; = 48,

Using an inverse scattering technique, Kac and van Moerbeke [1] have studied the
system of non-linear differential equations

Ry =exp(—=Ry_;) —exp(—Ry.,) (k=1,2,...; Ry=0) (1)
under the restriction that R, >0 as k- cc.

This system can be regarded as a discretisation of a certain non-linear wave equation
(the Korteweg-de Vries equation) on the half line [2]. In the doubly infinite (k =0,
=1, £2,...) case, it describes the propagation of a spectral packet of Langmuir oscilla-
tions on the background of thermal noise in a plasma and can also be treated by the
inverse scattering method [3]. Kac and van Moerbeke [1] showed that (1) is transfor-
med to another system of non-linear differential equations

Hap =A4(fak-2— Mapak) (k=0,1,2,...; uo=1). (2)
The purpose of this paper is to derive the same equations as (2) without the assumption
of R, =0 (k- 0), and also to notice that they can be reduced to the following system
of linear differential equations:

8, =48, (k=1,2,..)) (3)
which can be regarded as a discretisation of the linear wave equation (6°u/81°> = 8°u/dx?)
on the half line. By setting v, =exp(—Ry), (1) can be rewritten as

= VeV — 3 t) (k=1,2,...5¥5,=0). 4)
We shall consider (4) with 1, (#0) e R.

It is well known [4] that to each sequence {3}}" (¥« # 0) one can associate another
sequence {v,}; (v,=1) by considering the finite continued fractions

1
JolA)=
Ry
A— o (N=23,..) (5a)
’\__/i‘_',VN—n
A
and their expansions in powers of A~
L= X /AT Y /A (5b)
O=AT Nt NRe x
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where the coefficients v, (k= N) are functions of v, (0sk=<N-1). The y, are
expressed in terms of ¥, (0=/<k) as

=P 3P/ P\ Py (6)
with

Py =det{(pan-1)im} (P2k-1)im = Viem-2 (Islmsk) o

Py, =det{( pz2x)im} (P2 iom = Viem— (1=l m=<k)

(P,=P_,=1,P,#0(k=1,2,...)), which is also an immediate consequence of known
results [4].
We shall later show that the time derivative of fo(A) satisfies

fo=4[(/\2“)’1)f0‘/\+/\(£zv _2\')f0] (8)
with
- YN
XN =
A _ YN
Py 9)
_h
A
A YN
IN =
A YN (10)
A —&.
A
If we insert (5b) into the LHs of (8), it becomes
fo= X w/ATTHO(/AYT (11)
1shsN-1

while on the RHS,

(/\:“”)ﬁ)fo_/\z Z (vl\-l—ylyk)/Az’H—I+(V/N’_ylVNvl)/AzN—l+O(1//\:N+1)'

Osk=sN-2
It will also be shown that
MGy =E)fy=yiya . N/ AT THO0/ATTY (12)
YnFViVa... YN = U (13)
The rHs of (8) is then reduced to
D A — )/ AT RO/ AN,

O k< N—1
Comparing this with (11), we recognise that
=4, — i) (kzl,---,N_1§V1=)’1)~ (14)

Since N is arbitrary, (14) is equivalent to (2).
To see that (2) can be reduced to (3), one has only to set

/‘LZA(=VI\'):51\*I/51 (kzoa 1’2’)
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To derive (8), we define k by k matrices Ly, and By, (1<sk=<N) by

(Lnidi-1 =(Lni)ivrs = an_y (1=sl<sk-1)

(LNt)mn=0 (otherwise)

(BNi)ii+2=—(BNi)is2:= 20N 10N (Isl<sk-2)

(Bna)mn =0 (otherwise)
where

a(#0,k=1,2,...)eC (e =4ai)
evolves according to

LN,k = ByaLne = LauBni + Hy i (15)
with

(HN,k)1,2= (HN,k)z,1 =20‘N—|a?\1

(Hni) -1k = (Hn k-1 = —2‘1N—k+1012N—1\

(Hyi)mn=0 (otherwise).
We notice that if Ly, changes according to

LN,k = ByiLnix = LaxBri (16)
then

Anp=det(Eny — Layg) (Ano=1,Anv_1=0; N=0,1,2,..))

remains invariant (AM =0) [5]. When the time derivative of Ly, is prescribed by
(15), it follows that

AN,k = ~4ai—1a?N'AN—Z,k—2+4a2;\l‘k-1a2N—kAN,k—2
+ (time derivative of Ay, corresponding to the time change of (16))
:4(yN—k.VN—k+1AN,k—2—'yN—lyN An-ak-2) (17)
For fixed N, we define f, (k=0,1,..., N=1; fy =0) by
Ji= AN,N—k-l/AN.N—k-
Since A, satisfies

AN,k+1=AAN‘k’yN_kAN.k_] (k=1,,N)
we recognise that
Yt fiSer =Afi— 1. (18)

Hence
fk =1/(A "}’kﬂﬁﬁ-])
1

/\_,VA+I

Vi+2

A—F

We also notice that

Ak =AAN i —PNoBviages. (19)
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By virtue of (17)-(19), f,, can be calculated as follows:
fo= 4y fofi fot yn-n Buoan-a/ Bun = Anoan /Aol
=4[y foMy = D)+ Apn (A oinv-1/ B = Bno v-a/ Bniv-1)fo]
=4[A(Afo— 1) =y fot A(Zx —En)fo]
where
In=ynAnoinv-1/Bnw

and

A

INS=YynAncin-2/An N

can also be expressed as (9) and (10), respectively.

Proof of (12) and (13). We prove (12) by induction. For N =1, since f;=1/A, X, =y,/A
and 7, =0, (12) is obvious. We assume (12) for N —1. Then

In=yn/ (A= %noy)
= (rn/ M+ (v /A + 35-,0(1/47)]
Fn = (/1 + Gy /A) + 534, 0(1/4%)]
and
AXn =) fo=A (R — f,w—l)fo[(J’.N'/)\Z)‘f'(yN//\)()?N_l + 2N-|)O(1//\:)]
=y /AN TR0 /AN,
By essentially the same calculation, we also find that

vy — VN = }\1_1:11 )\ZNH[fo(/\L RSP0 ZPRUUR NS B 1 .S T O NI
EWYa. N

We finally give some remarks on the relation between the method presented in this
paper and the inverse scattering one [1]. Firstly, in the inverse scattering treatment
the assumption that R, >0 (k- ) is inevitable, as the name ‘inverse scattering’
suggests. In our method, on the other hand, this restriction is remedied. It is valid
even for the complex variables (y,€C) as long as y, #0 (k=1,2,...). Essentially,
this method consists in the transformations of variables from {y:})" to {vi}7 (vo=1)
and from {v}] to {8,};. The former is most concisely performed with the aid of finite
continued fractions. In the special case of y, >0 (k=1,2,...), there exists a certain
distribution function (spectral function) g{A) with infinitely many points of increase
whose 2kth moment coincides with v, :

J A dp(Aa) =y, J A dp(a)=0 (k=0,1,2,...).
In addition to this, if the assumption that y, > 1 (k> ), i.e. R, >0 (k- 0) is further
imposed, the inverse scattering technique enables one to construct this distribution
function from the scattering data whose time dependence can be integrated. For all
these aspects, the reader is referred to [1, 4].
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Secondly, even when the time dependence of distribution function p(A ) is integrated
by the inverse scattering method, the transformed system (2) is still non-linear. A

further transformation leading to the linearised system (3) is therefore of great
importance.
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