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J.  Phys. A: Math.  Gen.  20 (1987) 6237-6241. Printed in the UK 

On the system of non-linear differential equations 
$k = Y k d y k + l  - Y k - - l )  

Susumu Yamazaki 
Department of Physics, Faculty of Science, Saitama Unikersity, Urawa, Saitama 338, Japan 

Received 31 March 1987, in final form 4 August 1987 

Abstract. I t  is shown that the system of non-linear differential equations j, = j',(.v,+, - y k - , )  
( k  = I ,  2 , .  . . ; J,] = 0 )  can be reduced to the system of linear differential equations 8, = 4Sk , ,  
( k  = 1,2,. . .). 

Using an  inverse scattering technique, Kac and  van Moerbeke [ l ]  have studied the 
system of non-linear differential equations 

R A  =exp(-Rk- , )  -exp(-R,,,) ( k =  1 , 2 , .  . . ; & = C O )  (1) 
under the restriction that RA + 0 as k + m. 

This system can be regarded as a discretisation of a certain non-linear wave equation 
(the Korteweg-de Vries equation) on the half line [2]. In the doubly infinite ( k = O ,  
i l ,  5 2 , .  . .) case, i t  describes the propagation of a spectral packet of Langmuir oscilla- 
tions on the background of thermal noise in a plasma and can also be treated by the 
inverse scattering method [3]. Kac and van Moerbeke [ 13 showed that (1) is transfor- 
med to another system of non-linear differential equations 

The purpose of this paper is to derive the same equations as (2) without the assumption 
of Rk + 0 ( k  + E), and also to notice that they can be reduced to the following system 
of linear differential equations: 

which can be regarded as a discretisation of the linear wave equation (a2u/ar'  = a 2 u / a x 2 )  
on the half line. By setting yk  = exp(-RA), (1)  can be rewritten as 

SA =46k~1 ( k = 1 , 2 ,  . . . I  (3) 

?:A = ( Y A -  I - - 1  ) ( k  = 1 , 2 , .  . . ;  yo=O) .  (4) 
We shall consider (4) with # O )  E R. 

sequence { v A } ?  ( Y ~ ,  = 1) by considering the finite continued fractions 
It is well known [4] that to each sequence { j ,A}7 (yA # 0) one can associate another 

1 
A ) =--- 

?' I 
A -- ( N = 2 , 3 ,  . . . )  

j '2  

Y,A-l A -- 
A 

and their expansions in powers of A - '  

A - - . . ,  
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where the coefficients v l  ( k 2  N )  are functions of vA ( 0 s  k S  N -  1).  The )Ik are 
expressed in terms of vI (Os Is k )  as 

. v h =  p A - Z p h + l / p h - l p h  (6) 

with 
( 1 s l, m s k )  

(7 )  
p z h - ,  = det{(p2h-l) , ,m} ( P ~ L - I ) , . ~  V i t m - 2  

P ~ L  =det{(p,~) / , , ,}  ( P 2 A ) / , m  v / + n - l  ( 1 I, m s k )  

( P o  = P-' = 1, PA # 0 ( k  = 1,2, .  . .)), which is also an immediate consequence of known 
results [4]. 

We shall later show that the time derivative offo(A) satisfies 

jh = 4[ ( A  * - y ,  I f 0  - A + A ( g w  - ) f o ]  (8) 

with 

Y 2 A -- 

A Y N  
2.N = ~ 

Y N - 1  A -- A -  

Y2 A --. 
A 

If  we insert ( S b )  into the L H S  of (8), it becomes 

A I =  2 l ; A / ~ ' h + ' + ~ ( ~ / ~ ' N + ' )  
l ~ h = s N - l  

while on the RHS, 

( A  ' - y ,  ) fo  - A = 

I t  will also be shown that 

C ( v A  - , - y ,  V I  ) / A  "+I + ( v'\ - y ,  v b  - , )/ A 'I' - I  + O( I /  A ' + I ) .  
O t ; A l N - 2  

~ ( 2 $  - i N ) f O = y 1 y 2 . .  . y N / ~ " - ~ + o ( i / ~ ' ' ~ ' )  

v:, + y , y z . .  . y\ = v $ .  

The R H S  of ( 8 )  is then reduced to 

2 4(Uh+, - ? . , V ~ . ) / h ~ ~ + ~ + O ( l / h ~ ~ + ' ) .  
O C A c  \ - I  

Comparing this with (1  I ) ,  we recognise that 

v h  =(4uh+ i -  V I V A )  ( k = l ,  . . . ,  N - I ;  v ~ = J ~ ) .  

Since N is arbitrary, (14) is equivalent to (2 ) .  
To see that (2)  can be reduced to (3), one has only to set 

PIA(= v h )  = ~ A T I / ~ I  ( k = 0 ,  1 ,2 , .  . .). 

( 9 )  

(10) 

(12) 

(13) 
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To derive (8), we define k by k matrices LN.k and B N , k  (1 S k S NI by 

( L N , k ) / , / - l  = ( L N . k ) / + l . /  = a , Y - /  ( 1  s I <  k - 1)  

( L N , k ) m , n  = o  (otherwise) 

( B N , k ) / , / + 2  = -( B N , k ) / + Z . I  = - 2 a N - / a N - / - l  (1 G IS k - 2 )  

( B N . k ) m . n  = o  (otherwise) 

ak(#O; k = 1 , 2 , .  . . ) c C  

where 

(yk =:a;) 

evolves according to 

L N , k  = B3N.kLN.k - L N . k B N . A  + HN.k 

with 

( H N . k  1.2 = ( H N . k  )2 ,1  = 2aN - I 

( H N , k ) k - l , k  = ( H N , k ) k . k - l  = -2aN-A~Iak,-A 

% 

( H N , k ) m , n  = o  (otherwise). 

We notice that if L N , k  changes according to 

L.N,A = B N . k L , V , k  - L N , k B N . h  

then 

A N , k  det( E N , k  - L N . k  ( A , V , O = l , A , v , - l = O ;  N = 0 , 1 , 2  , . . . )  
remains invariant ( A \ . A  = 0) [5]. When the time derivative of L y , A  is prescribed by 
( 1 9 ,  it follows that 

 AN,^ = -4ff ; A N - ~ , A - ~  4ff L - k - 1  ~ L - A A  y . k - 2  

+ (time derivative of corresponding to the time change of (16)) 

= 4(y,v - ~ Y N  - L + I A N J  - 2  - Y N - I Y  N A N - 2 . k  - 2 ) .  

For fixed N,  we de f ineh  ( k = O , l , .  . . , N - 1 ;  i,, =0)  by 

Since A,v.h satisfies 
fk = A N . N - h - l / A , N , N - A .  

A N . A + l  = A h N . h  -YN-kA,W,h-l ( k =  1 , .  . . 
we recognise that 

. ~ k T ~ h . f k + ~  =Ah-1. 
Hence 

h = 1 / ( A  -y!,+Ih+l) 
1 

A - -  

-- 
)'A A I 

Y h .  - 1  A _- 
A .  

We also notice that 
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Proofof (12) and (13). We prove (12) by induction. For N = 1, since f G  = 1/A, il = yl/A 
and  i, = 0, (12) is obvious. We assume (12) for N - 1. Then 

XIN = ) ' , v / ( A  -XIy-l) 

= (y,/A)[l + ( ~ z - l / A ) + . ? ~ - 1 0 ( l / A 2 ) ]  

l / A ' ) ]  iN = (,v% / A  )[ 1 + (i?& - , / A )  + 
and 

By essentially the same calculation, we also find that 

We finally give some remarks on the relation between the method presented in this 
paper and the inverse scattering one [l]. Firstly, in the inverse scattering treatment 
the assumption that Rh + 0 ( k  + a?) is inevitable, as the name 'inverse scattering' 
suggests. In our method, on the other hand, this restriction is remedied. It is valid 
even for the complex variables (y& E c )  as long as yr # 0 ( k  = 1 ,2 , .  . .). Essentially, 
this method consists in the transformations of variables from { . y h } ;  to { v k } ?  ( vo = 1)  
and from { v h } T  to { & }  1'. The former is most concisely performed with the aid of finite 
continued fractions. In  the special case of j 'h  > 0 ( k  = 1, 2, . . .), there exists a certain 
distribution function (spectral function) p (  A ) with infinitely many points of increase 
whose 2kth moment coincides with u k :  

d p ( h ) = O  ( k = 0 ,  1 , 2 , .  . .). * 2 h + I  c, A ' h  d p ( A )  = vi, J xx 

In  addition to this, i f  the assumption that yh -+ 1 ( k  + x), i.e. RI, -+ 0 ( A  +a?) is further 
imposed, the inverse scattering technique enables one to construct this distribution 
function from the scattering data whose time dependence can be integrated. For all 
these aspects, the reader is referred to [ l ,  41. 
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Secondly, even when the time dependence of distribution function p (  A ) is integrated 
by the inverse scattering method, the transformed system ( 2 )  is still non-linear. A 
further transformation leading to the linearised system (3) is therefore of great 
importance. 
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